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1 Introduction

The phase retrieval problem aims to estimate the phase of the signal’s complex measurement given the
modulus of the measurement and prior information of the signal (prior distribution, real, positive, etc.). In
1982, Fienup introduced the Hybrid Input Output(HIO) algorithm[1], which is still widely used today and is
believed to be one of the best algorithm to solve this problem. On the other hand, using Bayesian inference
can also offer an optimal estimation of the signal in the MMSE perspective. However, the calculation of
the posterior distribution is intractable due to the large scale of the signal, which makes the estimation
hard to be implemented. Generalized Expectation Consistent(GEC) method[2][3] proposes a new way to
approximate the posterior distribution of the signal in a tractable way. The newly proposed GEC algorithm
is considered to be a new approach to solve the phase retrieval problem. However, there is very little article
which mentions the differences of performance between the widely used HIO algorithm and newly proposed
GEC algorithm.

The purpose of this note is to discuss the performance of those two algorithms when they are used to
reconstruct a Complex Gaussian signal. The comparison includes the measurement ratio, the MSE of the
reconstructed signal, the convergence speed and robustness to the different initialization.

2 System Model

Consider a generalized linear model

AX~P(X) P(Y|Z) Y

unknown input with prior
distribution

Linear
Transformation

Measurement
Channel

Observed
Measurement

Figure 1: The generalized linear model

x is the unknown input with a prior distribution that we have already known. In this note, we consider
x to be i.i.d with each entry following the Normalized Complex Gaussian distribution, i.e.x ∼ CN (0, I).
A ∈ RM×N is the sensing matrix. z is the hidden output of the signal transform:

z = Ax (1)

z is measured through a noiseless channel and the output y is the modulus of z:

y = |z| (2)
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The problem is to reconstruct the N dimension signal vector x through the M dimension observed
measurement y when both M and N approaches infinity, with the measurement ratio,

δ = lim
M,N→+∞

M

N
(3)

3 Hybrid Input Output Algorithm

This method considered two different kinds of constraints[4]: the support constraint Sup and the modulus
constraint Mod. Using an iterative method to find the signal x which satisfies:

x = Sup ∩Mod (4)

Denote that zt is the reconstructed z in the t iteration. The support constraint can be expressed as:

zt ∈ range(M) (5)

The modulus constraint can be expressed as:

|zt| = y (6)

We can derive two projection onto Sup and Mod:

PS = A(AHA)−1AHx (7)

PM = y. ∗ arg(z) (8)

arg(z) =
z

|z|
(9)

The iteration algorithm can be expressed as:

zt+1 = zt + βPM(2PS(z
t)− zt)− PS(z

t) (10)

where β is a damping parameter and it usually equals to 0.5. (Note that the final output of z should be
z∞ = PM(2PS(z

∞)− z∞).)

4 Generalized Expectation Consistent Algorithm

The GEC algorithm include three blocks and transfer extrinsic information between the blocks using the
turbo method. Module A calculate the posterior mean and variance of z based on the measurement y and
prior information r1z ,v1z. Module C constraints the z and x in the linear space z = Ax. Module B
calculate the posterior mean and variance of x using the prior distribution of x.

Figure 2: The block diagram of GEC algorithm[3]
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Since it is the Gaussian signal that we are discussing. r2z = 0,v2z = 1 in each iteration and the Module
C can be reduced. Thus, the reduced module can be derived as below.

Posterior
Mean

Estimator
of z

y

Module A

Linear
Space

z = Ax

Module B

ext

ext

z_A_postz_A_ext = z_B_pri

z_B_post z_B_ext = z_A_pri

x

Figure 3: The reduced GEC module

Algorithm: General Expectation Consistent Algorithm

Initialization: for any vpriA < δ−1, zpriA ∼ CN(0, (δ−1 − vpriA )).
Note that the original signal x ∼ CN(0, 1) and as a result the corresponding z ∼ CN(0, δ−1) under normalized
A
For iteration = 1 : Tmax
1) Block A: calculate the posteriori mean and variance

zpostA = E[z|y, zpriA , vpriA ] = yR0(2y|zpriA |/v
pri
A ) ∗ arg(zpriA ), (11a)

vpostA = V ar[z|y, zpriA , vpriA ] = y2 − |zpostA |2, (11b)

2) Calculate the extrinsic information of Block A

vpriB = vextA = ((vpostA )−1 − (vpriA )−1)−1, (12a)

zpriB = zextA = vextA (zpostA /vpostA − zpriA /vpriA ), (12b)

3) Block B: calculate the posteriori mean and variance

zpostB = ((vpriB )−1 + 1)−1AAHzpriB , (13a)

vpostB = (1 + (vpriB )−1)−1δ−1, (13b)

4) Calculate the extrinsic information of Block B

vpriA = vextB = ((vpostB )−1 − (vpriB )−1)−1, (14a)

zpriA = zextB = vextB (zpostB /vpostB − zpriB /vpriB ), (14b)

Output: x̂ = (vpriB + 1)−1AHzpriB
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5 Comparison

5.1 The Measurement Ratio

The two algorithms are initialized with the same random Gaussian signal, the iteration time is set to be
3000 times. The relationship between the measurement ratio δ and the success rate of the reconstruction is
shown as below:
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Figure 4: The change of success rate in GEC algorithm with the change of δ
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Figure 5: The change of success rate in HIO algorithm with the change of δ

From the plot, it is apparent that the necessary measurement ratio needed for both algorithm is almost
the same and GEC is actually a little bit better than the HIO algorithm.

5.2 The Convergence Speed and MSE

Under the same circumstance, i.e. random initialization, the same measurement ratio δ = 3. The relationship
between MSE of reconstructed signal and iteration time is shown as below:
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Figure 6: The relationship between iteration and MSE of HIO algorithm
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Figure 7: The relationship between iteration and MSE of GEC algorithm

While the final MSE of the both algorithm is almost identical, it is apparent that the convergence speed
of the GEC algorithm is much faster than the HIO algorithm.

5.3 The Performance of Algorithm with the Change of Initialization

The performance of HIO and GEC algorithm can vary a lot under different initialization. To test the
robustness of the algorithm with the change of initialization, the initialization is designed as below.

ẑ =
1
δ

( 1
δ + v0)

∗ (z +
√
v0CN (0, I)) (15)

The performance of the algorithm is measured using the minimal δ that makes the algorithm converge.
The change of v0 denotes the ”distance” between the initialization and original signal. The result is shown
as below.
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Figure 8: The Comparison of performance between two algorithms under v0 = 1
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Figure 9: The Comparison of performance between two algorithms under v0 = 100

Due to the space limit, the performance of both algorithm when v0 is between 1 and 100 will not be
shown in this note.

The performance of GEC algorithm does not vary too much with the change of v0, while the performance
of HIO algorithm change abruptly with the change of v0. Under low v0, the HIO algorithm perform better,
but as v0 increases, the performance of HIO algorithm can deteriorate rapidly.

6 State Evolution

For GEC algorithm, there actually exist a mathematical approach to predict the performance of the algorithm
under different circumstance. The change of MSE with the iteration time, the fix point of convergence, the
relationship between the measurement ratio and possibility of convergence can all be estimated through the
state evolution[5].
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6.1 Using State Evolution to Predict the Convergence of the Algorithm

The two blocks in Fig. 3 are treated separately and the relationship between the input and output of each
models is tested, i.e. the variances vextB = vpriA , vextA = vpriB are tested.

The input-output curve of those two modules are plotted using different method. Since there is no closed-
form expression for module A, the monte carlo method is used: z is produced randomly and z ∼ CN(0, 1δI),
then y is produced following y = |z|. The expectation of the output of module A is calculated from a large
quantity of random z under different input.

On the other hand, there exist closed-form expression between the input and output of module B, which
is

vextB =
vpriB

δvpriB + δ − 1
(16)

The proof of this closed form equation is listed in the appendixA. Then relationship between the input and
output is shown as below.
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Figure 10: The state evolution curve

The blue curve denote module B while the red curve denote module A. The red curve is a unitary curve
and does not change with δ. The blue curves increase with the increase of δ and the ten blue curves separately
denote the performance of module B when

δ = 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.7, 2.8, 2.9, 3.0 (17)

the plot can be separated into three phases:

• Phase1: When the blue curve lies below the red curve, the iteration will diverge regardless of the
initialization. From the plot we can conclude that it is impossible for GEC algorithm to reconstruct
the signal when δ < 2.0 no matter how close the initialization is to the true signal.

• Phase2: As the blue curve increase, it will intersect with the red curve when vextB is close to 0, i.e. the
initialization is close to the original signal enough, the algorithm will converge. δ > 2.0 Corresponds
to this phase.
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• Phase3: When δ ≥ 2.4, the algorithm converges regardless of the initialization and the simulation
Fig. 4. Shows the same result.

From the calculation of MATLAB, it can be analysed that δ = 2 is the threshold that separate phase
1 and phase 2. When δ = 2, the blue curve(Block B) lies completely below the red curve(Block A) in the
interval vextA ∈ (0, 1) and two curve coincide when vextA approach 0 and 1.
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Figure 11: The relationship of two curves when δ = 2

This result is of great important as it demonstrate the threshold that can distinguish

• When

lim
t→+∞

E
[
〈x̂t,x〉
‖x̂t‖2‖x‖2

]
= 0 (18)

• When there start to exist a convergence point locally when the initialized vpriA approaches zero.

This result is considered to be somehow provable and it is discussed in detail as below.

6.1.1 The Local Convergence of the Algorithm when vpriA Approaches 0

Theorem 1 There exist the threshold δ = 2, such that

∂vextA

∂vpriA

∣∣∣∣
vpriA →0

=
∂vpriB

∂vextB

∣∣∣∣
vext
B →0

(19)

(Note that vpriA = vextB ; vpriB = vextA .)

The proof of the Theorem1 is listed as below:

Proof 1 Firstly we normalized the two blocks regarding to δ(for simplicity, we denote ṽ as ṽpriA )

z̃ =
√
δz, z̃ ∼ CN(0, I) (20a)

ỹ = |z̃| (20b)

ṽ = δv (20c)

z̃priA =
√
δzpriA = (1− ṽ)z̃ +

√
ṽ(1− ṽ)w,w ∼ CN(0, I) (20d)

ṽextA = δvextA (20e)

ṽextB = δvextB (20f)

(20g)
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Normalization separates δ from block A and put the effect of δ all onto block B. We can derive the normalized
closed form equation of Module B.

ṽ =
ṽpriB

ṽpriB + δ − 1
(21)

Then to prove 19 is to prove:
∂ṽextA

∂ṽ

∣∣∣∣
ṽ→0

=
∂ṽpriB

∂ṽ

∣∣∣∣
ṽ→0

(22)

Then we can derive the partial derivative of ṽpriB according to ṽ when ṽ approaches 0, which is

∂ṽpriB

∂ṽ

∣∣∣∣
ṽ→0

=
δ − 1

1− ṽ

∣∣∣∣
ṽ→0

= δ − 1 (23)

Then we just need to prove that when δ = 2:

∂ṽextA

∂ṽ

∣∣∣∣
ṽ→0

= 1 (24)

To prove the equation above, firstly we calculate the partial derivative of E[ṽpostA ] regarding to ṽ when ṽ
approaches 0.(Note that the state evolution of block A uses a monte carlo method, as a result all the variable
in 44 except ṽ should be the expectation of joint distribution of z and zpriA ). Using the equation listed in [6]:

E[ṽpostA ] = E[|ỹ|2]− E[|z̃postA |2] (25)

|z̃postA |2 = ỹ2R2
0

(
2ỹ|z̃priA |

ṽ

)
(26)

R0 denotes the ratio of the first order modified bessel function and the zero order modified bessel function,
i.e.

R0(ρ) =
I1(ρ)

I0(ρ)
(27)

Since ỹ is irrelevant to ṽ, we derive that

lim
ṽ→0

∂E[ṽpostA ]

∂ṽ
= − lim

ṽ→0

∂

∂ṽ

(
E

[
ỹ2R2

0

(
2ỹ|z̃priA |

ṽ

)])
(28)

Using the expansion in [7]:

lim
ρ→+∞

R0(ρ) = 1− 1

2ρ
+O

(
ρ−1

)
(29)

We derive that

− lim
ṽ→0

∂

∂ṽ

(
E

[
ỹ2R2

0

(
2ỹ|z̃priA |

ṽ

)])
= − lim

ṽ→0

∂

∂ṽ
E

(ỹ − ṽ

4|z̃priA |

)2
 (30)

9



Expand z̃priA using 20d and we derive that:

E

(ỹ − ṽ

4|z̃priA |

)2
 = E

[
ỹ2 +

ṽ2

16|z̃priA |2
− ỹṽ

2|z̃priA |

]
(31a)

= E[|z̃|2] +
ṽ2

16E[|z̃priA |2]
− ṽ

2
E

[∣∣∣∣∣ z̃z̃priA

∣∣∣∣∣
]

(31b)

= E[|z̃|2] +
ṽ2

16[(1− ṽ)ṽE[ww∗] + (1− ṽ)2E[z̃z̃∗] + 0]
(31c)

− ṽ

2

(
E[z̃z̃∗]

(1− ṽ)2E[z̃z̃∗] + ṽ(1− ṽ)E[ww∗] + 0

) 1
2

(31d)

= 1 +
ṽ2

16[(1− ṽ)ṽ + (1− ṽ)2]
− ṽ

2

(
1

(1− ṽ)2 + ṽ(1− ṽ)

) 1
2

(31e)

= 1 +
ṽ2

16(1− ṽ)
− ṽ

2

(
1

1− ṽ

) 1
2

(31f)

Then we can derive that

− lim
ṽ→0

∂

∂ṽ
E

(ỹ − ṽ

2|z̃priA |

)2
 = −(0 + 0− 1

2
) =

1

2
(32)

As a result,

lim
ṽ→0

∂E[ṽpostA ]

∂ṽ
=

1

2
(33)

For Module A, it is easy to calculate from 12a that:

∂E[ṽextA ]

∂ṽ
=

1(
ṽ

E[ṽpostA ]
− 1
)2
(

ṽ2

E[(ṽpostA )]2
∂E[ṽpostA ]

∂ṽ
− 1

)
(34)

From [7] we know that
lim

ρ→+∞
R0(ρ) = 1 (35)

Then it is easily to derive that:

lim
ṽ→0

E[ṽpostA ] = lim
ṽ→0

(
E[|ỹ|2]− E[|z̃postA |2]

)
(36a)

= lim
ṽ→0

(
E[|ỹ|2]− E

[
ỹ2R2

0

(
2ỹ|z̃priA |

ṽ

)])
(36b)

= 0 (36c)

Since we have already known 33 and 36c, then we can expand E[ṽpostA ] as a function of ṽ using first-order
Taylor series expansion, i.e.

lim
ṽ→0

E[ṽpostA ] = 0 +
1

2
ṽ +O(ṽ) (37)

Put 37 into 34,we derive that

lim
ṽ→0

∂E[ṽextA ]

∂ṽ
=

1

(2− 1)2

(
22 ∗ 1

2
− 1

)
= 1 (38)

When δ = 2,
∂E[ṽextA ]

∂ṽ

∣∣∣∣
ṽ→0

=
∂ṽpriB

∂ṽ

∣∣∣∣
ṽ→0

= 1 (39)

The theorem is proved.
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Theorem 1 tells us that when δ = 2, the derivative of curve A coincide with that of curve B as ṽ approaches
0. As δ increases, the derivative of block B, i.e. δ − 1 also increases while the derivative of curve A remain
the same. As a result, the curve B will no longer beneath the curve A in the small local area near zero and
there will be an intersection point ṽ1(unstable fix point) of two curves near zero and this will lead to a local
convergence of the algorithm if the initialization lies within (0, ṽ1). On the other hand, if δ < 2.0, then the
derivative of curve B will be smaller than that of curve A and no local convergence area will be formed.

6.1.2 The Circumstance when vpriA Approaches 1

Theorem 2 There exist the threshold δ = 2, such that

∂vextA

∂vpriA

∣∣∣∣
vpriA →1

=
∂vpriB

∂vextB

∣∣∣∣
vext
B →1

(40)

The proof of the Theorem2 is listed as below:

Proof 2 We normalize both block A and block B as before. To prove 40 is to prove

∂ṽextA

∂ṽ

∣∣∣∣
ṽ→1

=
∂ṽpriB

∂ṽ

∣∣∣∣
ṽ→1

(41)

Then we can derive the partial derivative of ṽpriB according to ṽ, using 21, which is

∂ṽpriB

∂ṽ
=

δ − 1

(1− ṽ)2

(
=

1

(1− ṽ)2
, δ = 2

)
(42)

Then we just need to prove that under δ = 2:

∂ṽextA

∂ṽ

∣∣∣∣
ṽ→1

=
1

(1− ṽ)2
(43)

For Module A, it is easy to calculate from 12a that:

∂E[ṽextA ]

∂ṽ
=

1(
ṽ

E[ṽpostA ]
− 1
)2
(

ṽ2

E[(ṽpostA )]2
∂E[ṽpostA ]

∂ṽ
− 1

)
(44)

(Under monte carlo method, all the variable in block A except for the input ṽ should be the expectation of
joint distribution of z and zpriA )

From [7], we can derive that:
lim
ρ→0

R0(ρ) = 0 (45)

In addition, from 20d, we know that z̃priA is a function of ṽ and

lim
ṽ→1

z̃priA = 0 (46)

As a result,

lim
ṽ→1

E[ṽpostA ] = lim
ṽ→1

(
E[|ỹ|2]− E[|z̃postA |2]

)
(47a)

= E[|ỹ|2]− lim
ṽ→1

E

[
ỹ2R2

0

(
2ỹ|z̃priA |

ṽ

)]
(47b)

= E[|z̃|2]− 0 (47c)

= 1 (47d)
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Then proving 43 can be transformed into proving

∂E[ṽpostA ]

ṽ
= 2 (48)

Using 25 and 26, and since ỹ is irrelevant to ṽ, we can derive that:

∂E[ṽpostA ]

∂ṽ
= −

∂E[|z̃postA |2]

∂ṽ
= −

∂E
[
ỹ2R2

0

(
2ỹ|z̃pri

A |
ṽ

)]
∂ṽ

(49)

From 46, it is apparent that:

lim
ṽ→1

2ỹ|z̃priA |
ṽ

= 0 (50)

Under the first-order Taylor series expansion[7], the ratio of modified bessel function can be simplified as

lim
ṽ→1

R0

(
2ỹ|z̃priA |

ṽ

)
=
ỹ|z̃priA |
ṽ

+O

(
2ỹ|z̃priA |

ṽ

)
(51)

The problem is simplified into solving the expectation of a polynomial regarding to ỹ, z̃priA and ṽ, i.e. proving

− lim
ṽ→1

∂E
[
ỹ4
(
|z̃pri

A |
ṽ

)2]
∂ṽ

= −2 (52)

and expand z̃priA using 20d:

|z̃priA |
2 = (1− ṽ)ṽ|w|2 + (1− ṽ)2|z̃|2 + (1− ṽ)

√
(1− ṽ)ṽ(z̃∗w +w∗z̃) (53)

Since z̃ and w is irrelevant and both follow CN(0, I), then we can derive that:

−E

ỹ4

(
|z̃priA |
ṽ

)2
 = −E

[
|z̃|6 (1− ṽ)2

ṽ2

]
− E

[
(1− ṽ)ṽ

ṽ2
|z̃|4|w|2

]
+ 0 (54a)

= −
(

1− ṽ
ṽ

)2

E[|z̃|6]− ṽ(1− ṽ)

ṽ2
E[|z̃|4] ∗ 1 (54b)

Since E[|z|6] and E[|z|4] are the higher order moments of z under Rayleigh distribution, i.e. |z| ∼ Rayl( 1√
2
),

the result is

− lim
ṽ→1

E

ỹ4

(
|z̃priA |
ṽ

)2
 = − lim

ṽ→1
(1− ṽ)2 ∗ 6 + ṽ(1− ṽ) ∗ 2 (55)

Then it is simple to calculate the partial derivative of 55 regarding to ṽ

lim
ṽ→1

∂E[ṽpostA ]

ṽ
= lim
ṽ→1

∂[−(1− ṽ)2 ∗ 6− ṽ(1− ṽ) ∗ 2]

∂ṽ
= 2 (56)

The theorem is proved.

The derivatives of both ṽextA and ṽpriB under two modules are now proved to be the same when ṽ approaches

1, then it can be easily proved that both ṽextA and ṽpriB approach to the same number when ṽ approaches 1.
As δ increases, the derivative of curve B will increase and the derivative of curve A will remain the same.
So there will exist an intersection point ṽ2(stable point) in the vicinity of 1.

Thus, We can make an assumption from both theorem 1 and 2:
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Assumption 1 when δ > 2,

lim
t→+∞

E
[
〈x̂t,x〉
‖x̂t‖2‖x‖2

]
> 0 (57)

On the other hand, when δ < 2, wherever the initialization points,

lim
t→+∞

E
[
〈x̂t,x〉
‖x̂t‖2‖x‖2

]
= 0 (58)

(t is the iteration of the algorithm)

Note that to completely prove the assumption above, another theorem also need to be proved:

Theorem 3 When δ ≤ 2, it is always true that ṽpriB ≤ ṽextA under the same ṽ ∈ (0, 1).(remains unproved)

However, it can be easily noticed from statistical analysis of MATLAB11 that the curve of block B lies
always below the curve of block A when δ = 2. We can say that there is no intersection point lies within
(0, 1) when delta ≤ 2, as the two curves only coincide when ṽ approaches 1 and 0 when delta = 2.
The numerical result from MATLAB coincide with the mathematical prediction from Assumption 1.

• When δ < 2, curve B lies completely below curve A and the iteration of the algorithm will let ṽ
approaches 1, which leads to 58:
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Figure 12: The correlation between the reconstructed signal and the original signal when δ = 1.9

• When δ > 2, there is an stable fix point in the vicinity of 1 and the iteration of the algorithm will let
ṽ approaches to the stable fix point, which leads to 57:
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Figure 13: The correlation between the reconstructed signal and the original signal when δ = 2.1

6.2 Using State Evolution to Predict the Change of MSE of the Algorithm

The changes of MSE with the iteration can also be analysed through the state evolution:

0 50 100 150 200 250 300

Iteration

10-4

10-3

10-2

10-1

100

V
B

e
xt

sim
evo

Figure 14: The change of MSE with iteration(semilogy)

From Fig. 14. we notice that the state evolution can accurately estimate the simulation until the MSE is
below 10−5. And the divergence of those two curves is considered to most probably result from the rounding
of numbers in the MATLAB during the simulation process. The result is well enough for the real application.

A The Proof of Closed Form Equation of Block B

From 13a 13b 14a 14b, we derive the closed form equation of zextB regarding to zpriB and vpriB :

zextB = (δvpriB + δ − 1)−1(δAAHzpriB − zpriB ) (59)

14



For ease of notation, we simplify the equation above as:

zextB = cBzpriB , (60a)

c = (δvpriB + δ − 1)−1, (60b)

B = (δAAH − I). (60c)

From [3], we know that
zpriB = Ax+ σw,w ∼ CN(0, I), σ = vpriB (61)

As a result,
zextB = cBAx+ cσBw (62)

Using
BA = (δAAH − I)A = (δ − 1)A (63)

In addition, it is also obvious that cσBw is still a Complex Guassian signal and we can note it as:

cσBw = λw̃, w̃ ∼ CN(0, I) (64)

And we can calculate the λ2:

λ2 = V ar[cσBw] (65a)

= E[‖σBw‖2]− 0 (65b)

= c2σ2 lim
M→+∞

tr(BwwHBH)

M
(65c)

= c2σ2 lim
M→+∞

tr((δAAH − I)(δAAH − I)H)

M
(65d)

= c2σ2 lim
M→+∞

(δ2 − 2δ)tr(AHA) +M

M
(65e)

= c2σ2(δ − 1) (65f)

We can simplify the notation in the equation of zextB :

zextB = c(δ − 1)Ax+ λw̃ = c(δ − 1)z + λw̃ (66)

Using the definition of the variance and 60b 65f, we derive that:

vextB =
‖zextB − z‖2

M
(67a)

=
‖(cδ − c− 1)z + λw̃‖2

M
(67b)

=
(cδ − c− 1)2(xHAHAx) + λ2w̃Hw̃

M
(67c)

= (cδ − c− 1)2 ∗ δ−1 + λ2 ∗ 1 (67d)

=
vpriB

δvpriB + δ − 1
(67e)

The closed form equation is proved.
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